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This review covers the latest developments in continuous-variable quantum-state tomography of
optical fields and photons, placing a special emphasis on its practical aspects and applications in
quantum-information technology. Optical homodyne tomography is reviewed as a method of
reconstructing the state of light in a given optical mode. A range of relevant practical topics is
discussed, such as state-reconstruction algorithms (with emphasis on the maximum-likelihood
technique), the technology of time-domain homodyne detection, mode-matching issues, and
engineering of complex quantum states of light. The paper also surveys quantum-state tomography for
the transverse spatial state (spatial mode) of the field in the special case of fields containing precisely

one photon.
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Wormode sqieezed vacim A quantum state is what one knows about a physical
system. The known information is codified in a state vec-
tor |¢), or in a density operator p, in a way that enables
*lvov@ucalgary.ca the observer to make the best possible statistical predic-
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ments) involving the system. Such a definition has a
comfortable interpretation within information theory,
and so it appears natural in the context of research in
quantum information (QI).

Imagine that an experimentalist, Alice, uses a well-
characterized procedure to prepare an individual par-
ticle in a particular physical state. Since Alice possesses
the information about the procedure, she can make defi-
nite predictions about the particle’s behavior under vari-
ous conditions, and is thus fully aware of the particle’s
state.

Now suppose Alice sends the prepared particle to an-
other party, Bob, who is not aware of the preparation
procedure, but wishes to determine the state of the par-
ticle. By making observations on the particle, Bob can
obtain information about the physical state prepared by
Alice by observing how it interacts with other well-
characterized systems, such as a measurement
apparatus.1 The amount and nature of this information
depend strongly on whether the particle is macroscopic
or microscopic. In the macroscopic, classical case, Bob
can observe the individual particle’s trajectory without
disturbing it, and determine its state.

In quantum mechanics, on the contrary, it is impos-
sible to learn the quantum state of any individual physi-
cal system. Each observation, no matter how subtle, will
disturb its state just enough to prevent further observa-
tions from yielding enough information for a state deter-
mination (D’Ariano and Yuen, 1996). This is the basis of
quantum key distribution for cryptography (Bennett and
Brassard, 1984).

If Alice provides Bob with an ensemble of identically
prepared systems, then he can measure the same vari-
able for each system, and build up a histogram of out-
comes, from which a probability density can be esti-
mated. According to the Born rule of quantum theory,
this measured probability density will equal the square
modulus of the state-vector coefficients, represented in
the state-space basis corresponding to the measuring ap-
paratus. This by itself will not yet yield the full state
information since the phase of the complex state-vector
coefficients will be lost.

As an example, measure the position x of each of
100 000 identically prepared electrons, which can move
only in one dimension. This yields an estimate of the
position probability density, or the square modulus
|y(x)|* of the Schrodinger wave function. If the wave
function has the form |¢(x)|exp[i¢p(x)], where ¢(x) is a
spatially dependent phase, then we will need more infor-
mation than simply |¢(x)|* in order to know the wave
function. If we are able to measure the momentum p of
a second group of identically prepared electrons, then

we can estimate the probability density |¢(p)|?, where

'We can interpret the quantum state as a belief, or confidence
level, that a person has in his or her knowledge and ability to
predict future outcomes concerning the physical system
(Fuchs, 2002). No measurements can, generally speaking, pro-
vide full information on Alice’s preparation procedure.
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¥p) = f Y(x)exp(~ ixp/h)dx (1)

is the Fourier transform of the spatial wave function. If
we know a priori that the ensemble can be described by
a pure state, then we can determine, by numerical meth-
ods, the complex wave function i(x), up to certain sym-
metry transformations (such as a complex conjugation)
just from these two types of measurement. This is a clas-
sic example of phase retrieval (Gerchberg and Saxton,
1972).

In the typical case, however, we do not know ahead of
time if the system’s state is pure or mixed. Then we must
make many sets of measurements on many suben-
sembles, each time modifying the apparatus so that sets
of projection statistics associated with a different basis
can be acquired. One can then combine these results to
reconstruct the density matrix of the state (Raymer,
1997a). The data do not yield the state directly, but
rather indirectly through data analysis (i.e., a logical in-
ference process). This is the basis of quantum-state to-
mography (QST). A set of observables whose measure-
ments provide tomographically complete information
about a quantum system is called a quorum (Fano,
1957).

Niels Bohr (1958) seems to have had an intuitive idea
of QST when he said, “A completeness of description
like that aimed at in classical physics is provided by the
possibility of taking every conceivable arrangement into
account.” A more rigorous concept was developed in
theoretical proposals (Newton and Young, 1968; Band
and Park, 1970, 1971, 1979; Bertrand and Bertrand,
1987; Vogel and Risken, 1989), followed by the first ex-
periments determining the quantum state of a light field
(Smithey, Beck, Cooper, Raymer, et al., 1993; Smithey,
Beck, Raymer, et al., 1993). Nowadays, quantum tomog-
raphy has been applied to a variety of quantum systems
and has become a standard tool in QI research (Paris
and Rehacek, 2004).

To continue the example of an electron moving in one
dimension, a quorum of variables can be constructed by
measuring different groups of electrons’ positions x’ af-
ter a variable length of time has passed. For example, in
free space this is x'=x+pt/m, where m is the electron
mass. The wave function at time ¢ is

(ﬂ(x’,t)zf G(x',x;t)(x)dx, (2)

where

N m im(x—x’)2>
GO0 =\ S i eXp( 2t ®)

is the quantum propagator appropriate to the wave
equation for the particle. The experimentally estimated
probability densities pr(x’,t)=|(x’,1)|?, for all ¢ (positive
and negative), provide sufficient information to invert
Eq. (2) and determine the complex state function #(x)
[assuming the functions pr(x',?) are measured with very
high signal-to-noise ratio]. Note that Eq. (2) can be in-
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terpreted as a generalization of Eq. (1). As such, it cor-
responds to a change of basis.

If the state is not known beforehand to be pure (that
is, the physical system’s state is entangled with some
other system), then it is described by a density matrix,

plx{,x531),

p(x{,xé;t):fjdxldxz

X G*(x1,X158) G (x3,%230) p(x1,X230). (4)

Through inversion of Eq. (4), the set of the measured
probability functions pr(x’;f)=p(x’,x’,t) determines the
density matrix p(xq,x,;0).

This procedure works in principle for a Schrodinger
equation with an arbitrary, known potential-energy func-
tion. Such a method was proposed (Raymer et al., 1994;
Janicke and Wilkens, 1995; Leonhardt and Raymer,
1996; Raymer, 1997b) and implemented (Kurtsiefer et
al., 1997) for the transverse spatial state of an ensemble
of helium atoms and the classical light beam (McAlister
et al., 1995).

An important, recently introduced extension to QST
is quantum-process tomography (QPT). Consider a
quantum “black box,” which subjects each incoming
quantum state to some unknown transformation. The
goal of QPT is to determine this transformation so the
output of the black box can be predicted for an arbitrary
input.

A general quantum process is a trace-preserving, posi-
tive linear map on the linear space L£(H) of all density
matrices over Hilbert space H. The process can thus be
characterized by feeding it with each of the (dim%)? el-
ements of a spanning set of £(H) and performing QST
on the outputs.

Such a direct approach to QPT was first proposed by
Poyatos et al. (1997) as well as Chuang and Nielsen
(1997) and experimentally realized on one-qubit telepor-
tation (Nielsen et al., 1998), a system formed by the vi-
brational levels of atoms in an optical lattice (Myrskog et
al.,2005) and on a two-qubit controlled-NOT gate (Childs
et al., 2001; O’Brien et al., 2004). In an alternative ap-
proach, information about the process is recovered by
performing tomography on the output state of a single
maximally entangled bipartite input with the process
acting on one of the two input subspaces (D’Ariano and
Lo Presti, 2001). Experimental results based on the lat-
ter scheme were obtained for a general single-qubit gate
(Altepeter et al., 2003; De Martini et al., 2003).

Further study of QPT is beyond the scope of this pa-
per. A comprehensive review on the subject has recently
been given by Mohseni et al. (2008).

B. Quantum tomography of light

The current interest in QST is motivated by recent
developments in QI processing, which requires inter alia
a technique for detailed characterization of quantum
states involved (Paris and Rehacek, 2004). Additionally,
significant progress has been made in measurement
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technologies, which now allow experimenters to mea-
sure a set of observables sufficiently diverse to allow
reliable state reconstruction from the data.

Among many physical systems in which QI processing
can be implemented, light is of particular significance
because it is mobile and thus irreplaceable as an infor-
mation carrier in quantum communication networks. In
this paper, we review the methods for QST of optical
fields.

Even specialized to light, quantum tomography is too
vast a field to be fully covered in a single review paper.
Here we choose to concentrate on optical QST, which
involves measuring continuous degrees of freedom: field
amplitude and/or spatial distribution. We study two
closely related tomographic problems. The first deals
with the case in which the mode of the field is known (or
chosen) a priori, and the state of this mode is to be de-
termined. The second deals with the case in which the
full field is known to contain exactly one photon, but the
manner in which this photon is distributed among spatial
and spectral modes is to be determined.

1. Optical homodyne tomography

The Hamiltonian of an electromagnetic mode is
equivalent to that of the harmonic oscillator. Quantum
states of light in this mode can thus be reconstructed
similarly to motional states of massive particles dis-
cussed in the previous section. This is done by measur-
ing quantum noise statistics of the field amplitudes at
different optical phases (Leonhardt, 1997). The proce-
dure of this reconstruction is known as optical homo-
dyne tomography (OHT).

It is interesting, in the context of this paper, that ho-
modyne tomography was the first experimental demon-
stration of optical QST. Using balanced homodyne de-
tection (BHD), Smithey, Beck, Raymer, et al. (1993)
measured a set of probability densities for the quadra-
ture amplitudes of a squeezed state of light. These his-
tograms were inverted using the inverse Radon trans-
form, familiar from medical tomographic imaging, to
yield a reconstructed Wigner distribution and density
matrix for a squeezed state of light. This 1993 paper
introduced the term “tomography” into quantum optics.

OHT is the subject of the next four sections of this
paper. In Secs. II and III, we discuss the concept of ho-
modyne tomography and the methods of reconstructing
the state’s Wigner function and density matrix from a set
of experimental data. Special attention is paid to the
likelihood-maximization technique, which is now most
commonly used. Section IV is devoted to technical is-
sues arising in experimental OHT. In Sec. V, we discuss
applications of OHT in experiments of engineering and
characterizing specific quantum states of light, such as
photons, qubits, and Schrodinger cat states.

In the context of applications, it is instructive to com-
pare OHT with another technique: determining the
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quantum state of a system of dual-rail optical qubits® by
measuring relative photon number statistics in each
mode and in their various linear superpositions. Due to
its relative simplicity, this approach has been applied in
many experiments [see Altepeter et al. (2004) for a re-
view].

A textbook example of the above is the work of
James et al. (2001). In this experiment, the polarization
state of a pair of entangled photons A and B generated
in type-II parametric down-conversion was analyzed by
measuring photon coincidence count statistics in 16 po-
larization projections. Tomographic analysis has re-
vealed the photons to be almost perfectly in the state

1
|‘1’>=E(|HAVB>+ |VaHpE)), (5)

where H and V indicate horizontal and vertical polariza-
tion. It is tempting to say that such a state has high en-
tanglement.

This analysis does not reveal, however, that the pho-
ton pair is generated not “on demand,” but with some
probability &2, which is usually low. A more complete
representation of the state of the optical modes analyzed
could be

|¥) =10410410508v) + &(|1 410411 1051
+ |OAH1AVOBH13V>) + 0(82), (6)

where, for example, |1),y indicates a one-photon state
present in the vertical polarization mode of channel A.
The bipartite entanglement is of the order |s?log(s)
which is much less than 1.

Equations (5) and (6) reveal a significant limitation of
the photon-counting approach. This method works well
if it is a priori known that the modes involved are in one
of the qubit basis states or their linear combination. In
practice, however, this is not always the case: photons
can be lost, or multiple photons can be present where we
expect only one. Such events compromise the perfor-
mance of quantum logical gates, but usually go unrecog-
nized by the photon—counting approach; they are simply
eliminated from the analysis.” As a result, one character-
izes not the true quantum state of the carrier modes, but
its projection onto the qubit subspace of the optical Hil-
bert space. This may lead to a false estimation of gate
performance benchmarks (van Enk et al., 2007).

OHT, on the contrary, permits complete characteriza-
tion of the field state in a particular spatiotemporal
mode, taking into account the entire Hilbert space of
quantum optical states. It thus provides more reliable

>

’In the dual-rail qubit, the logical value is assigned to a
single photon being in one of two orthogonal modes A or B:
|0)=14,0g), [1)=[04,15), where the right-hand side is written
in the photon number (Fock) basis for each mode.

’An important exception is the work by Chou er al. (2005),
where the photon-counting approach is used, but the vacuum
contribution is accounted for when evaluating the entangle-
ment of a dual-rail qubit.
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information about the performance and scalability of an
optical QI processor. However, it is also more techni-
cally involved as it requires matched local oscillators,
sophisticated detection electronics, larger positive
operator-valued measures (POVMs), and measurement
data sets. It is thus less suitable for characterizing mul-
timode states: to date, the largest qubit systems mea-
sured using photon counting contained six qubits (Lu et
al., 2007) while with OHT, only single dual-rail qubits
were reconstructed (Babichev, Appel, and Lvovsky,
2004).

2. Optical mode tomography

An altogether different use of QST arises when a light
field is known to contain a definite number of photons,
but their distribution over spatial and/or spectral modes
is unknown. If the set of modes is discrete (e.g., in the
case of polarization qubits), characterization can be
done using the photon-counting method discussed above
(Altepeter et al., 2004). But if the distribution of light
particles over electromagnetic modes is described by a
continuous degree of freedom, methods of continuous-
variable QST become irreplaceable.

The problem of reconstructing the modal distribution
of a field state is largely analogous to determining the
spatial wave function (F) of a massive particle, as de-
scribed by Eq. (2). It turns out that the procedure out-
lined via Egs. (1)-(4) also applies to QST for an en-
semble of single photons, and is in fact quite similar to
the method of OHT. This is consistent with the adoption
of a definition for a photon’s spatial wave function (Sipe,
1995; Bialynicki-Birula, 1996; Smith and Raymer, 2007),
in which the Schrodinger equation is replaced by the
Maxwell equations (since a photon cannot be strictly lo-
calized in space, some subtleties must be taken into ac-
count). In Sec. VI, we analyze various techniques and
recent experimental progress in reconstructing spatial
optical modes of single photons as well as entangled
pairs.

II. THE PRINCIPLES OF HOMODYNE TOMOGRAPHY
A. Balanced homodyne detection

The technique of balanced homodyne detection
(BHD) and homodyne tomography has been extensively
described in the literature, for example, in the textbook
of Leonhardt (1997) and in recent reviews by Raymer
and Beck (2004), Zhang (2004), and Zavatta, Viciani,
and Bellini (2006). Here we present only a brief intro-
duction with concentration on theoretical aspects of
mode matching between the local oscillator and the sig-
nal field.

Figure 1 illustrates balanced homodyne detection,
which is a means to measure the amplitude of any phase
component of a light mode. In BHD, the weak signal

field ]% 5(t) (which may be multimode) and a strong co-

herent local oscillator (LO) field E 1.(t) are overlapped at
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FIG. 1. Balanced homodyne detection.

a 50% reflecting beam splitter, and the two interfered
fields are detected, temporally integrated, and sub-
tracted.

The signal electric field operator is written as a sum of
positive- and negative-frequency parts, which are conju-

a a a

gates of one another, E S:E§+)+Eg‘). The positive-
frequency part can be decomposed into plane waves ac-
cording to Dirac’s quantization scheme,

a . hw: - R L
E(;)(r,t) =iy, \lz—w‘ebjej explik; 7 —iwjt), (7)
j €o

where w;, kj, and E] are, respectively, the mode fre-
quency, wave vector, and the unit polarization vector;

the creation and annihilation operators obey the com-

mutator [l;j,l;;,]z 8 and are defined in some large vol-
ume V' (which may be taken to infinity later). It is con-
venient to consider the signal field in the paraxial
approximation with z the propagation axis. In this case
w;=ck;, and the polarization Ej,» is along either x or y.
The LO field is treated classically, and at each photo-
diode face (z=0) is assumed to be a strong coherent

pulse propagating along the z axis,

CYRP . [ho .
E(E)(VJ) =i ﬁaLELUL(xay)gL(I)
0

Xexp(ik;z —iwpt), (8)

where the coherent-state amplitude is a; =|a;|e'?, and

v (x,y)g.(¢) is the normalized spatiotemporal mode.
The local oscillator and the signal fields meet at a

beam splitter, where they undergo the transformation

- a - a
EL + ES EL - ES
\e”2 s V’,’E
The difference of the numbers of photoelectrons re-
corded in the two beam splitter outputs is then, assum-
ing a perfect detection efficiency [see Raymer er al

(1995) and Raymer and Beck (2004) for details and more
general considerations],

(EL.Eg) — )

A V - 3 . .
N_= f f 80—(ZELES)dtalxdy = |ay|(de + a'e'),
det Jar Chw

(10)

where the integration is over the detector sensitive area
and the measurement time Az. Assuming that the above
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fully accommodate the local oscillator pulse, all integra-
tion limits in Eq. (10) can be assumed infinite. The pho-
ton creation operator 4' associated with the detected
spatiotemporal mode is given by

it=> Cbl, (11)
j

where the C;’s equal the Fourier coefficients for the LO
pulse,

Ci=¢€ ¢ f J v, (x,y)g; (t)

X explikjx + ikj,y —ic(k;, — k;)t]dtdxdy.  (12)

When using a pulsed LO field E; (¢), the concept of a
light mode needs to be generalized beyond the common
conception as a monochromatic wave. As first discussed
by Titulaer and Glauber (1966), and extended by Smith
and Raymer (2007), a polychromatic light wave packet
can be considered a mode with a well defined spatial-
temporal shape, whose quantum state is described in the
usual way using photon creation and annihilation opera-
tors. For example, a one-photon wave-packet state is
created by |1,)=d'|vac) (more on this in Sec. VI.A). The
meaning of Eqgs. (11) and (12) is that the BHD detects
the state of the electromagnetic field in the spatial-
temporal mode defined by the LO pulse (Smithey, Beck,
Raymer, et al., 1993; Raymer et al., 1995; Raymer and
Beck, 2004). This allows temporal and spatial selectivity,
or gating, of the signal field (not the signal intensity).
This gating technique (linear-optical sampling) has appli-
cation in ultrafast signal characterization (Dorrer ef al.,
2003; Raymer and Beck, 2004).

As usual, the mode’s annihilation operator can be

expressed as a sum of Hermitian operators d:e"e(Qg
+iP,)/\2, called quadrature amplitudes, with* [Q,, P,]
=i. For zero phase, Q,,P,are denoted O, P, respectively
(so Oy=0 cos 6+Psin 6), and are analogous to position
and momentum variables for a massive harmonic oscil-

lator. For the LO phase equal to §, BHD measures the
quadrature amplitude

N_(la N2) = (Ge7 + i)\ 2 = O, (13)

According to quantum mechanics, the probability den-
sity for observing the quadrature equal to Q4 for the
field in the signal mode given by the density operator p
is

“This convention, in which =1, is consistent with the stan-
dard quantum-mechanical commutator between the position

and momentum. Some use [Qy,P,]=i/2 or [Qy,Pyl=2i. The
advantage of the former convention is that the annihilation

operator becomes d=e!%Q4+iP,). The latter convention pro-

vides that the vacuum state noise (0|Q%\O):(O|f’?,\0):l. All
quadrature-dependent plots used have been (re)scaled to com-

ply with the convention [Q,, P,]=i.



304 A. 1. Lvovsky and M. G. Raymer: Continuous-variable optical quantum-state ...

pr(Q05 0) :<Q9’ 6|ﬁ|Q0’ 0>’ (14)

where |Q,, 6) is the quadrature eigenstate with eigen-
value Q, These probability densities, also known as
marginal distributions, are histograms of the field ampli-
tude noise samples measured with the homodyne detec-
tor. The optical phase plays the role of time in Egs.
(1)~(4). When it is varied over one complete cycle,
quadrature amplitudes Q, form a quorum for QST (Vo-
gel and Risken, 1989).

In a practical experiment, the photodiodes in the ho-
modyne detector are not 100% efficient, i.e., they do not
transform every incident photon into a photoelectron.
This leads to a distortion of the quadrature noise behav-
ior which needs to be compensated for in the recon-
structed state. We present, without derivation, a gener-
alization of the above expression for detectors with a
nonunitary quantum efficiency z (Raymer et al., 1995;
Raymer and Beck, 2004),

eXP[ (Qg/n— Qa)z/zo'z]
' \27702 ’

where 20°=1/% and the angular brackets indicate a
quantum expectation value. The double dots indicate
normal operator ordering (annihilation operators to the
right of creation operators).

pr(Q 0) = (15)

B. Wigner function

Because the optical state reconstructed using tomog-
raphy is generally nonpure, its canonical representation
is in the form of a density matrix, either in the quadra-
ture basis or in the photon-number (Fock) basis. In the
case of homodyne tomography, it is convenient to rep-
resent the reconstructed state in the form of the phase-
space quasiprobability density, the Wigner function
(Wigner, 1932),

1 (~ o
W,a(Q,P>=;J (0+10'|plo-10")e a0,

(16)

This object uniquely defines the state and, at the same
time, is directly related to the quadrature histograms
(14) and (15) measured experimentally (Raymer et al.,
1995; Raymer and Beck, 2004) via the integral

400 400
Pr(Qa,9)=f f 8(Qy—Qcos b
— Psin )Wy, (Q,P)dQdP
= f Wae(Qgcos 8- Pysin 6,0 ,sin 6

+ Pycos 0)dP,. (17)

In other words, the histogram pr(Qy,6) is the integral
projection of the Wigner function onto a vertical plane
oriented at angle 6 to the Q axis (Fig. 2). The “detected”
Wigner function Wy, corresponds to the ideal Wigner
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FIG. 2. (Color online) The Wigner function. The experimen-
tally measured field quadrature probability density pr(Q,, 6) is
the integral projection of the Wigner function W(Q, P) onto a
vertical plane defined by the phase of the local oscillator.

function (16) for a loss-free detector, and for a detector
with quantum efficiency # it is obtained from the latter
via a convolution (Leonhardt and Paul, 1993; Kuhn et
al., 1994; Raymer et al., 1995; Leonhardt, 1997),

WaulQ.P) =~ J WP
{ (Q—Q'v’n)%(P—P’v@Z]
X exp| — 1
XdQ'dP'. (18)

III. RECONSTRUCTION ALGORITHMS

A homodyne tomography experiment yields a set of
pairs (Q,,, 6,,), which can be binned up to form marginal
distributions pr(Q, 6) for several local oscillator phases.
Our next task is to develop mathematical methods that
can be used to convert the experimental data into the
state’s density matrix and/or Wigner function. This is the
subject of the current section.

Mathematical methods of OHT can be divided into
two categories. The so-called inverse linear transform
techniques (Sec. III.A) use the fact that the experimen-
tally measured marginal distributions are integral pro-
jections of the Wigner function. Because integration is a
linear operation, one can reverse it and reconstruct the
Wigner function from the set of marginals in a proce-
dure that somewhat resembles solving a system of linear
equations of the form (17). We discuss this and related
methods in Sec. III.A; they have been reviewed in more
detail by D’Ariano (1997), Leonhardt (1997), Welsch et
al. (1999), Paris and Rehdcek (2004), and Raymer and
Beck (2004).

For reasons discussed later (Sec. II1.B), inverse linear
transform methods are rarely used in modern OHT.
More frequently, we employ methods of statistical infer-
ence, whose classical versions have been developed in
traditional statistics and data analysis (Paris and Re-
hacek, 2004, Chaps. 2, 3, 6, and 10). A popular method is
likelihood maximization (MaxLik), which looks for the
most probable density matrix that will generate the ob-
served data. It is discussed in detail in Sec. III.B. An-
other statistical inference method, entropy maximiza-
tion, is reviewed in Sec. III.C.
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FIG. 3. (Color online) Quantum optical state estimation from
a set of 14152 experimental homodyne measurements
(Lvovsky and Mlynek, 2002) by means of (a) the inverse Ra-
don transformation and the pattern-function method and (b)
the likelihood maximization algorithm. The Wigner function
and the diagonal elements of the reconstructed density matrix
are shown. The inverse Radon transformation in (a) was per-
formed by means of the filtered back-projection algorithm.
The statistical uncertainties in (b) were determined by means
of a Monte Carlo simulation (see text). From Lvovsky, 2004.

A. State reconstruction via inverse linear transformation

1. Inverse Radon transformation

The projection integral (17), known as the Radon
transform (Herman, 1980), can be inverted numerically
using the back-projection algorithm, familiar from medi-
cal imaging (Herman, 1980; Leonhardt, 1997) to recon-
struct the phase-space density Wy (Q, P),

1 m +o0
Wie(Q,P) = ﬁf f pr(Qy,0)
0 J-»

X K(Q cos 8+ Psin 06— QpdQ 46,

(19)
with the integration kernel
1™ . 1
Kx)=3 |Elexp(igx)dé=— P> (20)

where P denotes a principal value integration.

The kernel is infinite at x=0, so in numerical imple-
mentations of the inverse Radon transformation it is
subjected to low pass filtering: the infinite integration
limits in Eq. (20) are replaced by +k,, with k. chosen so
as to reduce the numerical artifacts associated with the
reconstruction while keeping the main features of the
Wigner function [see, e.g., Fig. 3(a)]. This method is
known as the filtered back-projection algorithm.

This strategy was used in the first QST experiments
(Smithey, Beck, Raymer, et al., 1993; Dunn et al., 1995).
In later implementations of this algorithm (Lvovsky and
Babichev, 2002), the intermediate step of binning the
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data and calculating individual marginal distributions as-
sociated with each phase was bypassed: the summation
of Eq. (19) was applied directly to acquired pairs

(0}71 > Qm)»

N

Wdet(Q’P) = K(Q Cos Hm + P sin 0m - Qm)a

27N,
(21)

with phases 6, uniformly spread over the 2 interval.

A nonclassical state of light,” after undergoing an op-
tical loss, becomes nonpure. Therefore, typically, the re-
constructed state is not pure, that is, Tr[p3.]# 1. A spe-
cial case is that of a coherent state, which remains pure
under losses. For such a state, one can reconstruct the
Schrodinger wave function or a state vector, as shown by
Smithey, Beck, Cooper, Raymer, et al. (1993).

A more general method for reconstructing the Wigner
function of a state that has undergone optical losses has
been proposed by Butucea et al. (2007), where Egs. (19)
and (20) are modified so as to incorporate the effect of
nonunitary efficiency. This paper, as well as Gutd and
Artiles (2007), also perform a minimax analysis of the
error in the evaluation of the Wigner function via the
inverse Radon transformation.

Given the experimentally reconstructed Wigner func-
tion, we can inverse Fourier transform Eq. (16) to com-
pute the density operator in the quadrature basis, and,
subsequently, in any other basis. This scheme was ap-
plied to reconstruct photon-number statistics (n|p|n), as
well as quantum-phase statistics for squeezed and coher-
ent light (Beck et al., 1993; Smithey, Beck, Cooper, and
Raymer, 1993; Smithey, Beck, Cooper, Raymer, et al.,
1993). This calculation can, however, be significantly
simplified, as discussed below.

2. Pattern functions

If the goal is to reconstruct the density operator of the
ensemble, we can exploit the overlap formula

Tr(pA) =27 f - f - W;(Q,P)Wi(Q,P)dQdP (22)

valid for any operator A and the associated density ma-
trix W;(Q,P) as defined by Eq. (16) with p replaced by
A. For example, given A,,,=|m)n| with |m) and |n) the
Fock states, we write p,,,=Tr(|m)(n|p) and use Eq. (22)
to determine, one by one, the elements of the density
matrix in the Fock basis.

The intermediate step of reconstructing the Wigner
function can, however, be sidestepped using an im-
proved inverse linear transform scheme introduced by
D’Ariano et al. (1994), and refined several times to the

SSee, for example, Lvovsky and Shapiro (2002) as well as
Zavatta et al. (2007) for a review of definitions and measurable
criteria of a nonclassical nature of a state of light.
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present optimal form (Leonhardt ef al. 1996; Leonhardt,
1997; D’Ariano et al., 2004). We combine Egs. (19) and
(22) to write

Tr(ﬁ/l)=ff pr(Q, ) Fi(Qg 0)dQ yd 0
0 J-o

= (Fi(Qun ), 0 (23)

where averaging is meant in the statistical sense over all
acquired values of (Qy, 6), and

F/;(Qg,a):%ff ‘K(Qcost9+Psin0—Qﬁ)

XW i(Q,P)dQdP (24)

is the sampling function. Given a specific operator A, the
function F; does not depend on the experimental histo-
gram pr(Qy, 6), but only on the operator itself. It thus
needs to be calculated only once, prior to the experi-
ment, and substituted into Eq. (23) once the data be-
come available.

Specializing to the Fock basis F,,, (0,0
=(1/me'mmoM, (Q), with M,,,(Q) the so-called pat-
tern functions (D’Ariano et al., 1994; Paul er al., 1995;
Leonhardt and Raymer, 1996),

4, (0 ¢, (x)

an(Q)z_P » (Q—x)2 dx, (25)
where
1 ]/4Hn(x) xZ
th(x) = (n|x) = (;) ot eXP(— 5) (26)

are the Fock state wave functions—that is, wave func-
tions of energy eigenstates of a harmonic oscillator. H,,
denote the Hermite polynomials. Figure 3(a) shows an
example of calculating the density matrix using the pat-
tern function method.

Efficient numerical algorithms for computing the pat-
tern functions were given by Leonhardt ef al. (1996) and
Leonhardt (1997). In our experience, the most practical
algorithm involves the irregular wave functions ¢, (x),
which are alternative, non-normalizable solutions of the
time-independent Schrodinger equation for the har-
monic oscillator. These functions obey a recursion

[x@a(x) — @,(x)] (27)

el (X) = ——
Cn = D2

with
2
@o(x) = ' exp(— %)erﬁ(x) (28)

and are all readily expressed through the error function
erfi(x). Once the desired number of irregular wave func-
tions have been calculated, the pattern functions are ob-
tained using

A, ()@, (x)]/ox forn=m

Mipnx) = {&[z//n(x) 0, (x))ax for n<m. @9
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The pattern function method can be extended to di-
rect sampling, or quantum estimation (Munroe et al.,
1995; Paul et al., 1995), of the expectation value of any
operator directly without first reconstructing the state.
In many cases, this requires fewer probability functions
to be measured, since less complete information is being
asked for. Indeed, since Wigner functions are linear with
respect to their generating operators, we conclude from

Eq. (24) that for any operator A:EAmn|m><n

bl

FA(Q(), 9) = 2 an(Q» Q)Amn

1 A
= ;2 (n|Alm)M,,,,,(q)expli(m — n)6]. (30)

m,n

The expectation value (A}zTr(ﬁA) can then be calcu-
lated according to Eq. (23).

For example, if we desire the photon-number prob-
ability pr(j), we choose Aj:|j)(j|. Then F;(0,0)
=(1/m)M;i(Q), which is independent of phase 6, and Eq.
(23) becomes (Munroe et al., 1995)

dQij(prr(Q, 0))¢- (31)

—

pr(j) = Tr(pli)]l) =

This is a convenient result, since only a single probabil-
ity function needs to be measured, while sweeping or
randomizing the phase. Demonstrations of this tech-
nique have been given by Munroe et al. (1995), Schiller
et al. (1996), as well as Raymer and Beck (2004).

Although the techniques of OHT have been general-
ized to fields involving more than one optical mode (spa-
tial, polarization, or temporal) (Opatrny et al., 1996;
Raymer et al., 1996; D’Ariano et al., 2000), their practical
application is challenging. This is a particular case in
which direct sampling is handy. We can apply it if our
task is to determine the expectation values of certain
observables, but full reconstruction of the multimode
state is not necessary. An example is the acquisition of
correlated photon-number statistics of two-mode fields
(McAlister and Raymer, 1997b; Vasilyev et al, 2000;
Blansett ef al., 2001, 2005; Voss et al., 2002).

B. Maximum-likelihood reconstruction
1. Why maximum likelihood?

Quantum-state reconstruction can never be perfect,
due to statistical and systematic uncertainties in the es-
timation of the measured statistical distributions. In
both discrete- and continuous-variable domains, inverse
linear transformation methods work well only when
these uncertainties are negligible, i.e., in the limit of a
very large number of data and very precise measure-
ments. Otherwise, the errors in the “right-hand side” of
the system of linear equations we are trying to solve can
lead to inaccurate, even seemingly unphysical, features
in the reconstructed state. For example, negative values
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may be found on the diagonal of the reconstructed den-
sity matrix and its trace is not guaranteed to equal 1
[Fig. 3(a)].

In the case of continuous-variable tomography, there
is an additional complication: a harmonic oscillator is a
quantum system of infinite dimension, and no finite
amount of measurement data will constitute a quorum.
In order to achieve reconstruction, one needs to make
certain assumptions that limit the number of free param-
eters defining the state in question. For example, the
filtered back-projection imposes low pass filtering onto
the Fourier image of the Wigner function, i.e., assumes
the ensemble to possess a certain amount of “classical-
ity” (Vogel, 2000). Such smoothing reduces the accuracy
of the reconstruction (Herman, 1980; Leonhardt, 1997)
and introduces characteristic ripples (Breitenbach et al.,
1997) on the reconstructed phase-space density [Fig.
3(a)].

Although errors cannot be eliminated completely, we
would like a reconstruction method that guarantees a
physically plausible ensemble and minimizes artifacts.
This requirement is satisfied by the maximum likelihood
(MaxLik) approach, which aims to find, among the vari-
ety of all possible density matrices, the one that maxi-
mizes the probability of obtaining the given experimen-
tal data set and is physically plausible. Because this
method is relatively new, but is rapidly gaining popular-
ity, we present here its relatively detailed description.
An even more comprehensive review on quantum Max-
Lik (limited to the discrete domain) has been given by
Hradil et al. (2004).

2. Classical algorithm

We begin with a discussion of the classical
expectation-maximization method. Consider a certain
system characterized by a set of parameters 7 (such that
r;>0 and X;r;=1), which we need to determine. We are
allowed to subject the system to a measurement with a
random outcome. The probability of each possible result
(indexed by j) is related to 7 linearly,

prij) = 2 rihij, (32)

where all &;; are known positive numbers. The measure-
ment is repeated N times, of which each outcome occurs
f; times. The goal is to infer the parameter set 7 from the
set of measurement results f.

The ideal inference is the one that satisfies the system
of linear equations

fIN=2 rhy. (33)

However, a solution to this system exists only if the
number of parameters is larger than the number of
equations. Otherwise, we have to settle for less: find the
distribution 7 which would maximize the probability
(likelihood)
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£ =1 Tpri)i (34)
]

of the observed measurement result. This approach has
a very large variety of applications ranging from image
deblurring to investment portfolio optimization.

The maximum-likelihood parameter set is determined
by the so-called expectation-maximization (EM) algo-
rithm, which consists of sequential iterations (Dempster
et al., 1977; Vardi and Lee, 1993)

rl(n+1) — rl(n)z _lLl_ , (35)
7 prio())

initialized with some positive vector r. Each single itera-
tion step is known to increase the likelihood. Further-
more, because the likelihood is a convex function, i.e.,
for any two distributions 7; and 7, holds

E( i+ 72) _ L(F) + L(Fy)
2 2 ’

the iterations will approach the global likelihood maxi-
mum.

3. The discrete quantum case

A quantum tomographic procedure can be associated
with a positive operator-valued measure (POVM), with
each possible measurement result described by a posi-

tive operator I1;, which occurs with a probability

pra(i) = TelT1;5]. (36)

Here, again, we are dealing with a linear inversion prob-
lem, because the probabilities are proportional to the
density-matrix elements. However, the latter are not
necessarily positive (not even real) and their sum is not
equal to 1, so the EM algorithm in its original form has
only limited application to the quantum case.

In order to reconstruct a quantum state, we introduce
the non-negative operator

l _f.Lf[ 37
N7 pr(/) " 57

As shown by Hradil (1997), the state that maximizes the
likelihood (34) obeys the extremal equation

R(p) =

R(po)po = poR(po) = po (38)
as well as
R(p0)poR (o) = po.- (39)

One can intuitively understand these equations as fol-
lows: when p is the maximum-likelihood state, we have

i/ N=prj, so the operator R becomes Ejﬁj, which is nor-
mally unity.

The analogy to the classical scheme would suggest an
iterative procedure p**D=R(p®)p* based on Eq. (38).
However, unfortunately, such iteration does not pre-
serve positivity of the density matrix [unless it is guaran-
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teed to be diagonal in some constant basis, in which case
the iteration reduces to Eq. (35)—such as in Banaszek
(1998a, 1998b)]. A possible solution is to apply the
expectation-maximization iteration to the diagonalized
density matrix followed by rediagonalization (Rehacek
et al., 2001; Artiles et al., 2005).

A more common approach to constructing the itera-
tive algorithm relies on Eq. (39) (Hradil et al., 2004). We

choose some initial density matrix as, e.g., ﬁ(o)zj\/[f],
and apply repetitive iterations

55— NTR(P™)p R R(p™)], (40)

where N denotes normalization to a unitary trace. Here-
after, we refer to this scheme as the RpR algorithm.

This iteration ensures positivity of the density matrix
and has shown fast convergence in a variety of experi-
ments. However, there is no guarantee of a monotonic
increase of the likelihood in every iteration; on the con-
trary, there exists a counterexample (Rehacek er al,
2007). There remains a risk that the algorithm could fail
for a particular experiment.

The remedy against this risk has been proposed by
Hradil ef al. (2004) and further elaborated by Rehacek et
al. (2007). These authors present a “diluted” linear itera-
tion

I+eR , I+eR
Atk+1) — A(k) 41
P /\,|:1+6p 1+6:|, (“41)

which depends on a single parameter e that determines
the “length” of the step in the parameter space associ-
ated with one iteration. For e— o, the iteration becomes
RpR. On the other hand, in the limit of e—0, there is
proof that the likelihood will monotonically increase and
the iterations will converge to the maximum-likelihood
state. We thus obtain a reserve algorithm for the case in
which the likelihood fails to increase in the RpR itera-
tion. In practice, however, this situation is not likely.

In some tomography schemes, one or more possible
measurement results may not be accessible and, conse-

quently, GEEjf[j is not equal to the unity operator.
Then the extremal map (39) should be replaced by

G™'R(po)poR(po) G = g (42)

to avoid biased results (f{ehééek et al., 2001; Hradil et al.
2006; Mogilevtsev et al., 2007). This issue may become
significant in homodyne tomography reconstruction
which we discuss next.

4. Iterative scheme for homodyne tomography

The applications of MaxLik to homodyne tomography
have been pioneered by Banaszek (1998a, 1998b), who
reconstructed the photon-number distribution (the diag-
onal density-matrix elements that correspond to a
phase-randomized optical ensemble) from a Monte
Carlo simulated data set by means of the classical EM
algorithm. This idea was then extended to reconstruct-
ing the Wigner function point by point (Banaszek, 1999)
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by applying phase-dependent shifts to the experimental
data. In a subsequent publication, Banaszek et al. (1999)
discussed direct MaxLik estimation of the density ma-
trix, but presented no specific algorithm. More recently,
the RpR iterative algorithm was adapted to OHT
(Lvovsky, 2004) and has since been frequently used in
experiments on homodyne reconstruction. We describe
this adaptation below.

For a given local oscillator phase 6, the probability to
detect a particular quadrature value Q, is proportional
to

pra(Q4, 6) = Tr[T1(Q4 0)p], (43)

where ﬁ(Qe,H) is the projector onto this quadrature
eigenstate, expressed in the Fock basis as

(m[T1(Qy, O)ln) = (m|Q, 0XQ s bln)., (44)
where the wave function (m|Q,, O)=e™%),(Q,) is given
by Eq. (26).

Because a homodyne measurement generates a num-
ber from a continuous range, one cannot apply the itera-
tive scheme (40) directly to the experimental data. One
way to deal with this difficulty is to discretize the data by
binning it up according to 6 and Q, and counting the
number of events fQ ¢ belonging to each bin. In this way,
a number of hlstograms which represent the marginal
distributions of the desired Wigner function, can be con-
structed. They can then be used to implement the itera-
tive reconstruction procedure.

However, discretization of continuous experlmental
data will inevitably lead to a loss of precmon % To lower
this loss, one needs to reduce the size of each bin and
increase the number of bins. In the limiting case of infi-
nitely small bins, fo_, takes on the values of either 0 or
1, so the likelihood of a data set {(Q;, 6)} is given by

L= H pry(0;,6), (45)

and the iteration operator (37) becomes

11(0,,6)
=2 — (46)
i PTp (Qu L)
where i=1,...,N enumerates individual measurements.

The 1terat1ve scheme (40) can now be applied to find the
density matrix which maximizes the likelihood (45).

In practice, the iteration algorithm is executed with
the density matrix in the photon-number representation.
In order to limit the number of unknown parameters, we
truncate the Hilbert space by excluding Fock terms
above a certain threshold. This is equivalent to assuming
that the signal field intensity is limited. In many experi-

In fact, recent research shows the precision loss due to
binning to be insignificant. On the other hand, binning
greatly reduces the number of data and thus expedites the
iterative reconstruction algorithm [Mogilevtsev (2007)].
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mental situations, application of this assumption is bet-
ter justified than the low-pass filtering used in the fil-
tered back-projection algorithm.

Figure 3 compares the inverse linear transform and
MaxLik reconstruction methods in application to the ex-
perimental data from Lvovsky and Mlynek (2002). The
data set consists of 14 152 quadrature samples of an en-
semble approximating a coherent superposition of the
single-photon and vacuum states. We see that the Max-
Lik method eliminates unphysical features and artefacts
that are present in the inverse Radon reconstruction.

5. Error handling

A homodyne detector of nonunitary efficiency # can
be modeled by a perfect detector preceded by an ab-
sorber. In transmission through this absorber, photons
can be lost, and the optical state undergoes a so-called
generalized Bernoulli transformation (Leonhardt, 1997).
If % is known, the Bernoulli transformation can be in-
corporated into the matrices of the POVM elements

ﬂ(Qe,B) (Banaszek et al., 1999; Lvovsky, 2004). These

operators can then be used to construct the matrix R, so
the iterative algorithm will automatically yield the den-
sity matrix corrected for detector inefficiencies.
Theoretically, it is also possible to correct for the de-
tector inefficiencies by applying the inverted Bernoulli
transformation after an efficiency-uncorrected density
matrix has been reconstructed (Kiss et al., 1995). How-
ever, this may give rise to unphysically large density-
matrix elements associated with high photon numbers.
Similar concerns about possible numerical instability
arise when the detector inefficiency is being accounted
for in the pattern-function reconstruction (Kiss et al.,
1995). With the inefficiency correction incorporated, as
described above, into the MaxLik reconstruction proce-
dure, this issue does not arise (Banaszek, 1998b).
Another source of error in OHT MaxLik estimation
can be the incomplete character of the homodyne mea-

A

surements: the sum of the projection operators G

:Z,ﬁ(Qi,&i) is not an identity operator (even in the
truncated Fock space). Mogilevtsev et al. (2007) found
that the deviation can be quite significant. This issue can
be resolved by employing the iteration based on the bi-
ased extremal equation (42) instead of Eq. (39), such as
in the experimental work by Fernholz et al. (2008).

Finally, we discuss statistical uncertainties of the re-
constructed density matrix. In generic MaxLik algo-
rithms, they are typically estimated as an inverse of the
Fisher information matrix (Rao et al., 1945; Cramér,
1946). This method can be generalized to the quantum
case (Usami et al., 2003; Hradil et al., 2004). In applica-
tion to OHT, calculating the Fisher information appears
quite complicated due to a large number of independent
measurements involved.

A sensible alternative is offered by a clumsy, yet
simple and robust bootstrap method. One simulates the
quadrature data that would be associated with the esti-
mated density matrix pyy if it were the true state. One
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then generates a large number of random sets of homo-
dyne data according to Eq. (43), then applies the
MaxLik reconstruction scheme to each set, and obtains a
series of density matrices p,, each of which approxi-
mates the original matrix pyy. The average difference
(|pmL—prhx evaluates the statistical uncertainty associ-
ated with the reconstructed density matrix. Rehdcek
et al. (2008) argue that the bootstrap method of error
estimation is less precise than that based on the Fisher
information.

C. Maximum-entropy reconstruction

The maximum-entropy (MaxEnt) method is applied in
the situation opposite to that of the MaxLik approach,
namely, when the number of equations in system (33)
(i.e., the number of available data) is smaller than the
number of unknown parameters. In this case, the solu-
tion is not unique, and MaxEnt looks for the least biased
solution, i.e., the one that maximizes the von Neumann
entropy S=-Tr(plog p). Because in OHT one usually
collects a large (10*-10°) number of data points, the
MaxEnt method is not commonly used. Here we give its
brief overview; more details can be found in Buzek
(2004).

Consider an OHT experiment, where the acquired
quadrature-phase data {(Q;,6,)} are binned into a rect-
angular array of dimension Ny X N,. As discussed above
(Sec. III.B.3), the number of occurrences G,,, in each
bin (m,n), associated with the quadrature value Q" and
phase 6,,, is proportional to the expectation value of the
observable I1,,,= |0 QW).

We seek the state énthat satisfies the MaxEnt principle
while fulfilling the conditions

Trﬁ =1, Tr(ﬁﬁmn) =G (47)
This state is given by

NQ Ny )
ﬁME = N[ eXP(_ )\Oﬁ - 2 E }\mnHmn) ] B (48)

n=1 m=1

where 7 is the photon-number operator and \’s are the
Lagrange multipliers that are introduced to fulfill the
constraints (47). Note that the state (48) is guaranteed to
be positive and have trace 1.

The Lagrange multipliers can be found by minimizing
the deviation function

AQ =[(n) - Tr(pueA) I
Ng Ny )
+ E 2 [Gmn - rrr(ﬁMEl—Imn)]2 (49)

n=1 m=1

Here (n) is the mean photon number (which can be de-
termined, for example, from the phase-averaged quadra-
ture variance). Similarly to the MaxLik case, all calcula-
tions are performed in the Hilbert space truncated by a
certain maximum photon number. Because there are no
restrictions imposed on the Lagrange multipliers, the
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minimum of AQ can be found by means of a generic
optimization algorithm.

Buzek et al. (1996), as well as Buzek and Drobny
(2000), have elaborated application of this method to
homodyne tomography and performed reconstruction of
various simulated data sets. They found the results to be
significantly better than those obtained by inverse linear
transform, particularly in situations of incomplete to-
mographic data (marginal distributions available for a
small number of phases or measured on short intervals).

IV. TECHNICAL ASPECTS
A. Time-domain homodyne detection

When homodyne detection was first introduced to
quantum optical measurements in the mid-1980s, it was
used for evaluating field quadrature noise rather than
full state tomography. Such measurements are conve-
nient to perform in the frequency domain, observing a
certain spectral component (usually around 1-10 MHz,
where technical noise is minimized) of the photocurrent
difference signal using an electronic spectral analyzer.
Frequency-domain detection was used, for example, to
observe quadrature squeezing (Slusher et al., 1985; Wu et
al., 1986).

Quantum-information applications require measure-
ment of optical modes that are localized in time. Homo-
dyning has to be performed in the time domain: differ-
ence photocurrent is observed in real time and
integrated over the desired temporal mode to obtain a
single value of a field quadrature. Repeated measure-
ments produce a quantum probability distribution asso-
ciated with this quadrature.

In this section, we discuss the design of time-domain
balanced detectors that operate with pulsed local oscil-
lators. The first such detector was implemented by
Smithey et al. (1992) and Smithey, Beck, Raymer, et al.
(1993) in their original quantum tomography experi-
ments. Among subsequent schemes we note that of
Hansen et al. (2001), which features a higher bandwidth
and a signal-to-noise ratio, as well as that of Zavatta et
al. (2002), exhibiting a further significant bandwidth in-
crease at a cost of somewhat poorer noise characteris-
tics.

Figure 4(a) shows the main elements of the circuit of
Hansen et al. (2001), which are typical for today’s pulsed,
time-domain HDs. A pair of high-efficiency photodiodes
are wired in series to subtract their output currents, and
this difference signal is amplified by a charge-sensitive
transimpedance amplifier, followed by a pulse-forming
network. The optics in front of the photodiodes permits
variable attenuation of the input to each photodiode (al-
ternatively, a setting with two polarizing beam splitters
and a half-wave plate between them can be used for
combining the local oscillator and the signal). Thorough
balancing of the photodiodes’ photocurrents is essential
for the proper operation of the BHD.

With each LO pulse, the detector produces a burst of
amplified subtraction photocurrent [Fig. 4(b)]. Because
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FIG. 4. (Color online) Balanced detector for time domain ho-
modyne tomography. (a) Electro-optical scheme. (b) A super-
position of multiple oscilloscope traces of the detector output.
Each pulse produces a time-resolved quantum noise sample.
(c) rms peak amplitude of the noise pulses as a function of the
LO power showing the expected square root power depen-
dence up to the LO intensities of 3 10% photons per local
oscillator pulse. Filled squares show the measured noise vari-
ances, open squares have the electronic noise background cor-
responding to 730 electrons/pulse subtracted. From Hansen et
al., 2001.

the response time of the detector is much slower than
the width of the laser pulse, the generated signal is pro-
portional to the time integral of the photocurrent over
the pulse duration. This is a single sample of the field
quadrature noise in the spatiotemporal optical mode of
the local oscillator pulse.

To prove that the pulsed noise generated by the ho-
modyne detector with a vacuum signal input is indeed
the shot noise, one needs to verify that the output rms
noise scales as the square root of the LO powelr7 [Fig.
4(c)]. This is a signature distinguishing the shot noise
from the classical noise (proportional to the local oscil-
lator intensity) and the electronic noise (which is con-
stant) (Bachor and Ralph, 2004).

Design of time-domain BHD is more technically chal-
lenging than its frequency-domain counterpart. First, the
electronics must ensure time separation of responses to
individual laser pulses. The shot-noise difference charge
must be low-noise amplified within a bandwidth exceed-
ing the local oscillator pulse repetition rate. Second, pre-
cise subtraction of photocurrent is necessary in order to
eliminate the classical noise of the local oscillator. There
is a competition between this requirement, which is
easier satisfied at lower LO energies, and that of a suf-
ficiently strong subtraction signal N_, which increases
with the LO power. The compromise is reached on the
scale of N_~103-10° photoelectons. Finally, the mea-

"This follows from Eq. (13), because |a;|=\N; o and Q, vary
on the scale of 1.
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sured quadrature values must not be influenced by low-
frequency noises. The detector must thus provide ul-
tralow noise, high subtraction, and flat amplification
profile in the entire frequency range from (almost) dc to
at least the LO pulse repetition rate.

A typical dilemma faced by a BHD designer is a
tradeoff between the signal-to-noise (more precisely,
shot-to-electronic noise) ratio and the bandwidth
(Raymer and Beck, 2004). An amplifier with a higher
bandwidth usually exhibits poorer noise characteristics
(Nicholson, 1974; Radeka, 1988). An additional band-
width limitation arises from the intrinsic capacitance of
photodiodes, which may cause instability in the amplifi-
cation circuit. Technologically, this capacitance is deter-
mined by the thickness of the photodiode p-i-n junction;
reducing this thickness compromises the quantum effi-
ciency. A homodyne detector with a time resolution ca-
pable of accommodating a typical repetition rate of a
mode-locked, pulsed Ti:sapphire laser (around 80 MHz)
was demonstrated by Zavatta et al. (2002) and Zavatta,
Viciani, and Bellini (2006).

Suppression of homodyne detector electronic noise is
important for quantum-state reconstruction. As shown
by Appel et al. (2007), the presence of the noise leads to
an equivalent optical loss of 1/, where S is the detec-
tor’s shot-to-electronic noise ratio at the particular local
oscillator power.

We note that time-domain homodyne detection finds
its applications not only in quantum tomography, but
also in other fields of quantum and classical technology.
One example is shot-noise-limited absorption measure-
ments at subnanowatt power levels achievable thanks to
the very low technical noise (Hood et al., 2000). Another
is ultrafast, ultrasensetive linear optical sampling for
characterizing fiber optical systems (Dorrer et al., 2003).
Time-domain homodyning is also an essential element of
continuous-variable quantum cryptography (Grosshans
and Grander, 2002; Silberhorn et al., 2002; Funk, 2004;
Lodewyck et al., 2007).

B. Matching the mode of the local oscillator
1. The advanced wave

In homodyne detection, the spatiotemporal optical
mode to be measured is determined by that of the local
oscillator. In this way, OHT provides indirect informa-
tion on the modal structure of the signal field. This is
useful for evaluating quantum optical information pro-
cessing systems, which require that interacting optical
qubits be prepared in identical, pure optical modes. On
the other hand, achieving the mode matching between
the local oscillator and the signal, or even preparing the
signal state in a well-defined, pure spatiotemporal mode,
can be challenging. In this section, we discuss the mode-
matching techniques, specializing to a particular case of
the signal state being a heralded single photon.

In order to prepare a heralded photon, a parametric
down-conversion (PDC) setup is pumped relatively
weakly so it generates, on average, much less than a
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FIG. 5. Parametric down-conversion and the advanced wave
model. (a) Preparation of single photons by conditional mea-
surements on a biphoton state. (b) The Klyshko advanced
wave model. The trigger detector is replaced with an incoher-
ent light source, which generates an incoherent advanced wave
propagating backwards in space and time. Nonlinear interac-
tion of this wave with the pump produces a difference-
frequency pulse that mimics that of the conditionally prepared
photon. (c) In an experiment, a laser beam, aligned for maxi-
mum transmission through all the filters, can model the ad-
vanced wave. From Aichele et al., 2002.

single photon pair per laser pulse (or the inverse PDC
bandwidth). The two generated photons are separated
into two emission channels according to their propaga-
tion direction, wavelength, and/or polarization. Detec-
tion of a photon in one of the emission channels (labeled
trigger or idler) causes the state of the photon pair to
collapse, projecting the quantum state in the remainin